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We consider the Standard Model extended by a hidden sector U(1)X symmetry that is sponta-
neously broken at the TeV scale by the vacuum expectation value of an additional scalar field. We
study “dark string” solutions in this model and their properties due to the Higgs portal and gauge
kinetic mixing operators. We find that dark strings effectively interact with Higgs and Z bosons by
linear couplings, and with leptons and baryons via Aharonov-Bohm couplings, thus possibly lead-
ing to new cosmological constraints on dark matter models with spontaneously broken extra U(1)
symmetry factors.
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2I. INTRODUCTION
Many compelling extensions of the Standard Model (SM) require additional gauged U(1)X factors that
are spontaneously broken giving rise to massive vector bosons. The high energy physics community has
been studying the phenomenology of these models for years while collider experiments have been searching
for the so-called Z ′ at energies up to O(TeV) (see, e.g., the reviews [1, 2]). Similar models have recently
attracted attention in the dark matter community as well. In this context it is commonly assumed that the
fields that transform under the SM gauge group are singlets under the U(1)X and vice versa. Such a theory
decomposes into a visible sector (SM fields) and a hidden or dark sector (fields charged under U(1)X ).
The massive vector boson may either play the role of dark matter itself [3–6]1, or it may act as a mediator
between the visible and the dark sectors [8–11]2. In these types of models, the breaking of the U(1)X
during a cosmological phase transition is invariably accompanied by the formation of a unique kind of
cosmic string, known as a “dark string” [14].
The presence of these dark strings in our universe has largely been overlooked. The tension, which is on
the order of the symmetry breaking scale µ ∼ TeV2, is far too small for dark strings to have any detectable
gravitational effect on the cosmic microwave background [15] or pulsar timing [16], which typically provide
the strongest constraints on GUT-scale strings [17] . However, as we will see below, the fields that compose
the dark sting have very specific couplings to the SM fields, and therefore they are able to radiate and scatter
on SM particles. The presence of these cosmic dark strings in our universe can, therefore, have observable
consequences and yield constraints on model building that are as yet largely unexplored.
The structure of dark strings was first studied in Refs. [14] and [18]. Our analysis expands upon that
work in a number of ways: (i) we retain the complete electroweak gauge sector, specifically, we do not
work in the semilocal limit sin2 θw = 1, where θw is the weak mixing angle as in [18]; (ii) we restrict the
parameter space using the measured value of the Higgs boson mass MH ≈ 125 GeV [19, 20], which had
not been discovered at the time of the previous work; (iii) we include the interaction between the Higgs
field and the scalar field responsible for the formation of the string [see Eq. (I.1)]; (iv) we do not necessarily
assume that the gauge-kinetic mixing is small (sin   1; see below); and (v) we calculate, for the first
time, the effective couplings of the dark string to the SM fields. Understanding the structure of the dark
string and its couplings to SM fields, in particular, are important in evaluating the cosmological signatures
of dark strings.
1 If the gauge symmetry is non-Abelian the massive vector may still be the dark matter [7], but a topologically stable cosmic string
solution is not guaranteed to exist.
2 If the U(1)X is unbroken, the massless force carrier is known as a dark photon [12, 13]. In this case the model has no string
solution.
3Our analysis will focus on the smallest extension of the SM that contains a spontaneously broken,
gauged Abelian symmetry. Specifically, we introduce a complex scalar field S charged under the Abelian
symmetry group U(1)X , which has Xˆµ as its vector potential; collectively, these fields will be referred to
as the dark sector. After S acquires a vacuum expectation value, the mass for Xˆµ is generated. This model
is particularly interesting because the symmetries forbid all but two renormalizable, tree-level interactions
between the SM and hidden sector fields. These are the Higgs portal (HP) operator [21]
LHP = −αΦ†ΦS∗S (I.1)
where Φ is the SM Higgs doublet, and the gauge kinetic mixing (GKM) operator [22–24]
LGKM = −sin 
2
XˆµνY
µν (I.2)
where Xˆµν and Yµν are the field strength tensors for the U(1)X and U(1)Y hypercharge. Vacuum stability
considerations bound |α| from above [see Sec. II.2], and the avoidance of ghosts requires |sin | < 1. For
the sake of generality, we will study this model with α,  6= 0. However, note that in this case neither the
S nor the Xˆµ field is stable. The model must be extended if it is to include a stable dark matter candidate3.
Alternatively, imposing a discrete (reflectional) symmetry on Xˆµ enforces sin  = 0 [3–6].
The interaction in LHP gives rise to a mixing between the Higgs and the singlet scalar, and therefore
it is constrained in light of the Higgs discovery [25]. The interaction in LGKM is tightly constrained by a
number of observables at low energies giving roughly (see [26] for a review)
|sin | < O(10−3) for MX . TeV . (I.3)
However, it is important to recognize that the model is yet unconstrained if the masses are large, MS ∼
MX > O(TeV), where laboratory tests have not yet explored. For the sake of generality, we will not
make any a priori assumptions about the scale of symmetry breaking in our analytic analysis, and in our
numerical analysis we will focus on MS ∼ MX > MH allowing sin  = O(1). The small  expansion of
various parameters may be found in Appendix A.
After setting up the model in Sec. II, we diagonalize the gauge sector and derive the equations of
motion relevant for a string. In Sec. III we find the dark string solution and calculate the effective couplings
of the string to the SM fields in terms of the Higgs portal and gauge kinetic mixing parameters. The SM
Higgs interacts with the string and thus we also take into account the possibility that it winds around the
3 After electroweak symmetry breaking, S mixes with the Higgs and thereby acquires all of its interactions with the SM fields,
which opens new decay channels. Similarly, Xˆµ mixes with the Z-boson. If the mass scale in the hidden sector is very low
or the couplings very small, then the dark matter can be metastable. Such models will also contain dark strings. In this paper,
however, we will focus on strings with energy scales higher than the electroweak scale and arbitrary couplings.
4string. However the lightest string is obtained when only the dark scalar field winds and so we focus on
more detailed properties of these strings, especially their three types of interactions with SM particles.
Fermions of the SM can have Aharonov-Bohm couplings to the dark string if there is gauge-kinetic mixing
between the hypercharge and dark U(1)’s. The SM Higgs can have a non-trivial interaction in the presence
of a “Higgs portal” coupling – a quartic interaction between the Higgs and the dark scalar field. The Z
gauge field also has a non-trivial profile on the string because of the gauge-kinetic mixing. Each of these
interactions is potentially relevant to the cosmological evolution of the dark string network. We summarize
our findings in Sec. IV. Appendix A contains a list of variables, defined in the main body of the text, which
have been expanded in the limit that the GKM coupling is small, i.e., sin  1.
II. THE DARK STRING MODEL
In this section we introduce the model. We focus on the gauge sector first and the role of the GKM
operator, and then we turn to the scalar sector and the HP operator. In the third subsection we derive the
string equations and discuss the boundary conditions.
II.1. Gauge Sector
We consider an extension of the SM electroweak sector that adds a complex scalar field S(x) charged
under a new gauge group, U(1)X , that has Xˆµ(x) as its vector potential. In general, one can only write two
renormalizable interactions between the SM and the dark sector: the Higgs portal operator, Φ†ΦS∗S, and
the gauge kinetic mixing operator, XˆµνY µν . The Lagrangian that defines this model is
L = |DµΦ|2 + |DµS|2 − U(Φ, S)− 1
4
∑
a=1,2,3
(
W aµν
)2 − 1
4
(
Yµν
)2 − 1
4
(
Xˆµν
)2 − s
2
XˆµνY
µν (II.1.1)
plus the remaining terms in the SM Lagrangian, which are unmodified and not written explicitly here. The
parameter s ≡ sin with−pi/2 ≤  ≤ pi/2 controls the strength of the gauge kinetic mixing. The covariant
derivatives are given by
DµΦ =
(
∂µ − ig2 σaW aµ − ig
′
2 Yµ
)
Φ
DµS =
(
∂µ − igX2 Xˆµ
)
S
(II.1.2)
where Φ = (Φ+ , H)T is the Higgs doublet. The scalar potential is
U(Φ, S) = λ
(
Φ†Φ− η2)2 + κ(S∗S − σ2)2 + α(Φ†Φ− η2)(S∗S − σ2) , (II.1.3)
5and the parameter α is called the “Higgs portal coupling” as it is the gateway for interactions between the
SM and dark sectors. This potential induces the vacuum expectation values
〈Φ〉 = (0 , η)T and 〈S〉 = σ (II.1.4)
with η = v/
√
2 ≈ 174 GeV (see Sec. II.2 for an extended discussion of the vacuum structure). The
parameter λ can be exchanged for the Higgs boson mass, and we are left with five free parameters: α, κ, σ,
gX, and s.
The Lagrangian Eq. (II.1.1) gives rise to the following field equations:
(DνW
νµ)a = 12gJ
aµ
Φ
∂νY
νµ − s ∂νXˆνµ = 12g′JµΦ
∂νXˆ
νµ − s ∂νY νµ = 12gXJµS
DµD
µΦ = −2λ (Φ†Φ− η2)Φ− α (S∗S − σ2)Φ
DµD
µS = −2κ (S∗S − σ2)S − α (Φ†Φ− η2)S
(II.1.5)
where the currents are defined as
JaµΦ ≡ i
(
(DµΦ)† σaΦ− Φ†σaDµΦ
)
JµΦ ≡ i
(
(DµΦ)†Φ− Φ†DµΦ
)
JµS ≡ i (SDµS∗ − S∗DµS)
(II.1.6)
and (DνWµν)
a ≡ ∂νW aµν + gabcW bνW c µν . The presence of the O(s) terms in Eq. (II.1.5) implies that
both gauge fields Y µ and Xˆµ are sourced when either JµΦ or J
µ
S is nonzero.
It will be convenient to move to a basis in which the GKM term is absent from the Lagrangian. This
could be accomplished by merely rotating between the U(1) gauge fields, Y µ and Xˆµ, as was done in
previous studies of the dark string [14, 18]. However, in order to connect with the low energy observables,
we would like to choose the basis that coincides with the mass eigenstates after electroweak symmetry
breaking. In order to identify the appropriate basis, we insert the vacuum expectation values Eq. (II.1.4)
into the Lagrangian Eq. (II.1.1) to obtain
L∣∣
vevs
= m2W
∣∣∣∣∣W 1µ − iW 2µ√2
∣∣∣∣∣
2
+
1
2
m2Z
(
cwW
3
µ − swYµ
)2
+
1
2
m2X
(
Xˆµ
)2
− 1
4
∑
a=1,2,3
W aµνW
aµν − 1
4
YµνY
µν − 1
4
XˆµνXˆ
µν − s
2
XˆµνY
µν (II.1.7)
where
mW ≡ gη√
2
, mZ ≡ g¯η√
2
, mX ≡ gXσ√
2
, (II.1.8)
6and the weak mixing angle is defined as usual: sw ≡ sin θw = g′/g¯ and cw ≡ cos θw = g/g¯ with
g¯ ≡
√
g2 + g′ 2. Both the kinetic and the mass terms of the Lagrangian, Eq. (II.1.7), can be diagonalized
by the transformation
W 1µ
W 2µ
 =
 1√2 1√2
i√
2
− i√
2
W+µ
W−µ
 and

Yµ
W 3µ
Xˆµ
 = M

Aµ
Zµ
Xµ
 (II.1.9)
where
M =

cw −swcζ − tsζ swsζ − tcζ
sw cwcζ −cwsζ
0 sζ/c cζ/c
 . (II.1.10)
We continue to use the shorthand sθ = sin θ, cθ = cos θ, and tθ = tan θ for θ = , ζ. The angle ζ falls in
the range −pi/4 < ζ < pi/4, and its value is given by
tan 2ζ =
−2swsc
(R2 − 1) + s2 (1 + s2w)
. (II.1.11)
Here we have defined R ≡ mX/mZ , and we will assume R > 1. Note that M consists of a rotation and a
rescaling, otherwise known as a principal axis transformation.
After performing the transformation in Eq. (II.1.9), the full Lagrangian becomes
L = |DµΦ|2 + |DµS|2 − U(Φ, S)− 1
2
W−µνW
+µν
− 1
4
AµνA
µν − 1
4
ZµνZ
µν − 1
4
XµνX
µν + Lint (II.1.12)
where we have written each of the field strength tensors in the form Kµν = ∂µKν − ∂νKµ for K =
W−,W+, A, Z, and X . The term Lint corresponds to interactions among the gauge fields, which are at
least second order in W±. As we discuss below, we can consistently set W± = 0 for our dark string
analysis and neglect these terms. The scalar field covariant derivatives now become
DµΦ =
DµΦ+ − i g√2W+µ H
DµH − i g√2W−µ Φ+

DµS =
(
∂µ − i(gSAAµ + gSZZµ + gSXXµ)
)
S (II.1.13)
where we have defined
DµΦ
+ ≡ (∂µ − i(gΦ+A Aµ + gΦ+Z Zµ + gΦ+X Xµ))Φ+
DµH ≡ (∂µ − i(gHAAµ + gHZZµ + gHXXµ))H
. (II.1.14)
7The couplings are found to be
gΦ
+
A = e g
Φ+
Z = cζ
e
2
(
1
tw
− tw
)− sζ e2 tcw gΦ+X = −cζ e2 tcw − sζ e2( 1tw − tw)
gHA = 0 g
H
Z = −cζ e2 1swcw − sζ e2 tcw gHX = −cζ e2 tcw + sζ e2 1swcw
gSA = 0 g
S
Z = sζ
gX
2
1
c
gSX = cζ
gX
2
1
c
(II.1.15)
where e = g sw = g′cw = g¯swcw is the electromagnetic coupling constant.
Now one can see the consequences of the GKM operator. As reflected in the nonzero couplings gΦ+X , g
H
X ,
and gSZ, the Higgs acquires an interaction with the mass eigenstate X boson, and similarly the S interacts
with the Z boson. However, the vanishing of gHA and g
S
A implies that the GKM does not induce a cou-
pling between the photon and the electromagnetically neutral scalars; this is a consequence of the residual
electromagnetic gauge invariance.
After electroweak symmetry breaking, see Eq. (II.1.4), the gauge fields acquire masses
L∣∣
vevs
3M2WW+µ W−µ +
1
2
M2A(Aµ)
2 +
1
2
M2Z(Zµ)
2 +
1
2
M2X(Xµ)
2 (II.1.16)
with the spectrum
M2W = m
2
W
M2A = 2(g
H
A)
2η2 + 2(gSA)
2σ2 = 0
M2Z = 2(g
H
Z )
2η2 + 2(gSZ)
2σ2 = m2Z (1 + swtζt)
M2X = 2(g
H
X)
2η2 + 2(gSX)
2σ2 =
m2X
c2 (1 + swtζt)
(II.1.17)
Once again, the massless photon is a sign of the residual gauge invariance. As can be seen in Eq. (II.1.11),
the angles ζ and  always have opposite signs, and therefore one has in general MZ < mZ and MX > mX .
The Z and X boson masses are plotted in Fig. 1. Over most of the parameter range, these masses are well
approximated as MZ ≈ mZ and MX ≈ mX ≈ RMZ . To provide a reference point, we also show (on the
left panel) the relative error bar on the measured Z boson mass, δMZ/MZ ' 2.3× 10−5 [27], as a dashed
line. Roughly speaking, the parameter range above the dashed line is excluded, or conversely, s becomes
unconstrained in the decoupling limit R  1. However, to rigorously ascertain if a model is excluded, all
available observables should be folded in together (see, e.g., [26]). Since it is not the goal of this paper to
impose phenomenological constraints, we will reserve that discussion for a future work.
We can now calculate the Euler-Lagrange equations for the diagonalized Lagrangian, Eq. (II.1.12).
Since we are only interested in string solutions, it is prudent at this point to recognize that because Φ+ does
not acquire a vev, we can consistently set Φ+ = W±µ = Aµ = 0. That is, these fields are not sourced by the
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FIG. 1: The spectrum of gauge bosons, given by Eq. (II.1.17), for various values of sin  and
R = mX/mZ . We have fixed g = 0.654, g′ = 0.359, and η = 174 GeV.
nontrivial profiles of the remaining scalar and gauge fields. Then the remaining field equations become
∂νZ
νµ = gHZJ
µ
H + g
S
ZJ
µ
S
∂νX
νµ = gHXJ
µ
H + g
S
XJ
µ
S
DµD
µH = −2λ (H∗H − η2)H − α (S∗S − σ2)H
DµD
µS = −2κ (S∗S − σ2)S − α (H∗H − η2)S
(II.1.18)
where the currents are given by
JµH ≡ i
(
H(DµH)∗ −H∗DµH)
JµS ≡ i
(
S(DµS)∗ − S∗DµS) , (II.1.19)
and the covariant derivatives are given by Eq. (II.1.13). These field equations will be used in Sec. II.3 to
obtain the string equations.
II.2. Scalar Sector
After symmetry breaking, both the fields H and S acquire vevs. The three SM would-be Goldstone
bosons, Φ+ and aH = Arg[H], and the fourth would-be Goldstone boson, aS = Arg[S], are eaten leaving
only two massive scalars, h¯ =
√
2(|H| − η) and s¯ = √2(|S| − σ). The Higgs portal operator allows these
scalars to mix.
The scalar fields can be parametrized as H = (η + h¯/
√
2) exp [iaH ] and S = (σ + s¯/
√
2) exp [iaS ].
After defining
mH ≡
√
4λη2 and mS ≡
√
4κσ2 , (II.2.1)
9the scalar potential becomes
U 3 1
2
(
h¯ s¯
) m2H 2αησ
2αησ m2S
h¯
s¯
 (II.2.2)
plus higher order interactions. This mass matrix is diagonalized byh¯
s¯
 =
 cos θ sin θ
− sin θ cos θ
φH
φS
 (II.2.3)
where the mixing angle, −pi/4 < θ < pi/4, is given by
tan 2θ =
4αησ
m2S −m2H
, (II.2.4)
and the eigenstates φH and φS have masses
M2H = m
2
H −
(
m2S −m2H
) sin2 θ
cos 2θ
(II.2.5)
M2S = m
2
S +
(
m2S −m2H
) sin2 θ
cos 2θ
, (II.2.6)
respectively. We will assume that MS > MH (equivalently, mS > mH ) and that MH ≈ 125 GeV is the
mass of the Higgs boson measured by the LHC.
The mixing angle can also be written as
tan 2θ =
α
α0
8mHmS
m2S −m2H
(II.2.7)
where α0 ≡
√
4λκ. To ensure that the determinant of the mass matrix in Eq. (II.2.2) is positive, we must
haveα < α0. In the decoupling limit,mS  mH , the mixing angle becomes |θ| ≈ (|α| /α0)(4MH/MS)
1, and the eigenvalues become MH ≈ mH and MS ≈ mS . In this limit, the heavy scalar φS ≈ s¯ is de-
coupled from the SM Higgs φH ≈ h¯. As we reduce the hierarchical ratio, MS/MH , the amount of mixing
grows larger until it becomes maximal (θ = 45◦) and MS/MH = 1. Observations of the Higgs at the LHC
constrain the mixing with a hidden sector scalar to be θ . 40◦ [25]. Since, for the present study, we are
not interested in rigorously applying observational constraints, we will simply take MH = 125 GeV and
require MS > MH . The scalar self-couplings are then determined by
λ =
M2H
4η2
+
M2S −M2H
8η2
1−√1− ( 4αησ
M2S −M2H
)2
κ =
M2S
4σ2
− M
2
S −M2H
8σ2
1−√1− ( 4αησ
M2S −M2H
)2 (II.2.8)
10
provided that
|α| < αmax ≡ M
2
S −M2H
4ησ
. (II.2.9)
Note that Eq. (II.2.9) subsumes the previous bound, α < α0 =
√
4λκ , because Eq. (II.2.8) gives α0 =
|α|√1 + (MSMH/4ησ)2 > |α|.
In order to discuss the string solutions below, it will be useful here to identify the extrema of the scalar
potential Eq. (II.1.3). We set Φ+ = 0 and solve the two equations ∂U/∂H = ∂U/∂S = 0. There are four
solutions with both H and S nonnegative:
H = η , S = σ ⇒ minimum
H = 0 , S = 0 ⇒ maximum
H = H0 , S = 0 ⇒ saddle point
H = 0 , S = S0 ⇒ saddle point
(II.2.10)
where
H0 ≡ η
√
1 + ασ
2
2λη2
S0 ≡ σ
√
1 + αη
2
2κσ2
. (II.2.11)
For the case α < 0, the saddle point solutions do not exist if |α| > 2κσ2/η2.
II.3. Dark String Ansatz
Let us now derive the equations for the dark string. We will work in cylindrical coordinates, ρ =√
x2 + y2 and ϕ = arctan(y/x), and we will use the dimensionless radial coordinate ξ = ρ/ρ0 where
ρ0 = 1/σ. Seeking the straight, static dark string solution, we take the ansatz4
Φ+(x) = 0 , H(x) = η h(ξ)einϕ , Zµ(x) =
1
ρ0
z(ξ)
ξ
Vµ(ϕ) ,
W±µ = Aµ = 0 , S(x) = σ s(ξ)e
imϕ , Xµ(x) =
1
ρ0
x(ξ)
ξ
Vµ(ϕ) , (II.3.1)
where n,m ∈ Z and h, s, z, x ∈ R and Vµ ≡ ρ∂µϕ =
{
0 , − sinϕ , cosϕ , 0}. With this ansatz, the
currents in Eq. (II.1.19) become
JµH =
2η2
ρ0
h2CH
ξ
V µ and JµS =
2σ2
ρ0
s2CS
ξ
V µ (II.3.2)
4 This corresponds to Zµdxµ = z dϕ and Xµdxµ = x dϕ.
11
where
CH(ξ) ≡ n− gHZ z(ξ)− gHXx(ξ)
CS(ξ) ≡ m− gSZz(ξ)− gSXx(ξ)
. (II.3.3)
The field equations in Eq. (II.1.18) become(
z′
ξ
)′
=− 2gHZ (ρ0η)2
h2CH
ξ
− 2gSZ(ρ0σ)2
s2CS
ξ
(II.3.4a)(
x′
ξ
)′
=− 2gHX(ρ0η)2
h2CH
ξ
− 2gSX(ρ0σ)2
s2CS
ξ
(II.3.4b)
(ξh′)′ =C2H
h
ξ
− 2λ(ρ0η)2
(
1−h2) ξh− α(ρ0σ)2(1−s2)ξh (II.3.4c)
(ξs′)′ =C2S
s
ξ
− 2κ(ρ0σ)2(1−s2)ξs− α(ρ0η)2(1−h2)ξs . (II.3.4d)
Although we take ρ0 = 1/σ, we have retained ρ0 in these expressions so as to avoid confusion as to where
the σ enters explicitly as the VEV of S and where it enters as our choice of the radial length scale. If we
were to turn off both the GKM and HP operators by taking  = α = 0, then we would regain the string
equations for two, uncoupled Nielsen-Olesen strings of winding n and m.
The scalar field boundary conditions can be divided into three cases depending on which of the two
winding parameters, n and m, are nonzero. In each case, we must require h(∞) = s(∞) = 1 at spatial
infinity and that H(x) and S(x) are regular at the origin. The cases are:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Case1 :
n 6= 0
m 6= 0
⇒
h(0) = 0
h(∞) = 1
s(0) = 0
s(∞) = 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Case2 :
n = 0
m 6= 0
⇒
h′(0) = 0
h(∞) = 1
s(0) = 0
s(∞) = 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Case3 :
n 6= 0
m = 0
⇒
h(0) = 0
h(∞) = 1
s′(0) = 0
s(∞) = 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (II.3.5)
Case 3 resembles the SM semilocal and electroweak strings [28], which are not topological and therefore
not stable. For this reason, we will focus on Cases 1 and 2. In Case 2 we have mixed Neumann and Dirichlet
boundary conditions, and we do not expect h(0) = 1 in general. By considering the energetics, it is clear
that h(0) = 1 will minimize the gradient contribution to the energy of the string. However, in terms of the
potential energy, we expect that the value of the Higgs condensate at the core of the string will relax toward
the saddle point at H = H0 and S = 0 [see Eq. (II.2.10)]. In general we expect
Case2 :

h0 < h(0) < 1 α < 0
1 < h(0) < h0 α > 0
(II.3.6)
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where h0 ≡ H0/η =
√
1 + ασ2/(2λη2) and H0 is given by Eq. (II.2.11).
The gauge field boundary conditions are
z(0) = x(0) = 0 , z(∞) = g
S
Xn− gHXm
gSXg
H
Z − gHXgSZ
, x(∞) = g
H
Zm− gSZn
gSXg
H
Z − gHXgSZ
. (II.3.7)
These ensure that Zµ(x) and Xµ(x) are regular at the origin and that at spatial infinity
CH(∞) = CS(∞) = 0 , (II.3.8)
and the action is finite. An interesting consequence of the GKM is that both gauge fields have nontrivial
profiles if either scalar field has a winding (either n or m is nonzero). This is evident in the limit s  1
where
z(∞) ≈ −
√
2η
mZ
n−
√
2swR
2σ
mX(R2 − 1)ms +O(s
2
 )
x(∞) ≈
√
2σ
mX
m−
√
2swη
mZ(R2 − 1)n s +O(s
2
 ) . (II.3.9)
For example, taking n = 0 and m = 1 induces an O(s) expectation value for the Z field.
III. PROPERTIES OF THE DARK STRING
The dark string is the solution of the system of equations given by Eq. (II.3.4) along with the boundary
conditions in Eqs. (II.3.5) and (II.3.7). We solve these equations numerically as described in Appendix B.
We calculate the dark string solution for various values of the model parameters: (n,m), α, s, gX,
σ, and MS while fixing η = 174 GeV, MH = 125 GeV, g = 0.654, and g′ = 0.359 and using
Eq. (II.2.8) to determine λ and κ. With this choice of parameters, the masses MZ and MX are given
by Eq. (II.1.17). Although these masses depend upon s, it is typically the case that MZ ≈ 91.2 GeV and
MX ≈ mX = gXσ/
√
2. Having obtained the dark string solution, we study its properties and couplings,
which are discussed in the remainder of this section.
III.1. String Solution
Generally, the strings with higher order windings, (n,m) with n,m > 1, are unstable, and they will
decay on a microscopic time scale into the lightest strings. The winding m of the singlet scalar S is
topological by virtue of the U(1)X symmetry, however the winding n of the Higgs field is not topological –
13
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FIG. 2: String solutions for mX = MS = σ/
√
2 = 200 GeV, α = 0.1, s = 0.1, and gX = 1. The bottom
panels show the scalar potential, Eq. (II.1.3), where the blue (red) contours are lower (higher).
just as in the case of the electroweak strings in the SM [28]. This means that any (n,m) string with n ≥ 1
will fragment and decay into the (0, 1) string, which generally has a lower tension than the (1, 1) string. We
will focus on the properties of the (0, 1) string, but we will also compare against the (1, 1) string.
In Figures 2, 3, and 4 we show the profile functions of the (n,m) = (0, 1) and (1, 1) strings for
MS = MX = σ/
√
2 = 200 GeV, 1 TeV, and 10 TeV. In the lower panels, we also show contour plots of
the scalar potential, Eq. (II.1.3), where we have overlaid the string trajectories {H,S} = {η h(ξ), σ s(ξ)}.
There are a number of qualitative features which can be seen in these figures that we will discuss at length
below. First, at the core of the (0, 1) strings the Higgs condensate deviates from its vacuum value. Second,
14
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FIG. 3: Same as Fig. 2 but for mX = MS = σ/
√
2 = 1 TeV.
the strings have a tight “core” where the gradients of the S and Xµ fields are large, and this core extends
out to ξ = O(1) or equivalently the physical length ρ = O(1/σ). The H and Zµ profiles are much wider
than the string core.
For the (0, 1) string, the Higgs field does not wind and satisfies only a Neumann boundary conditions at
the origin [see Eq. (II.3.5)]. We anticipated in Eq. (II.3.6) that the value of the Higgs profile at the core of the
(0, 1) string should rise or fall toward h(0) = h0 =
√
1 + ασ2/2λη2 depending on the sign of α. Figures
2a, 3a, and 4a reveal that h(0) > 1, indicating that the Higgs condensate is “attracted” by the string core
in the case α > 0. Numerically, we find that the magnitude of the deviation is |h(0)− 1| ≈ O(0.1 − 1),
depending on the parameter choices. In some cases we find h(0) . h0, which confirms the energetic
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FIG. 4: Same as Fig. 2 but for mX = MS = σ/
√
2 = 10 TeV and α = 0.01.
16
arguments that led to Eq. (II.3.6), whereas in other cases h(0) h0 suggesting that the tension is dominated
by gradient energy instead of potential energy, and our previous estimate breaks down. We compare h(0)
and h0 in Fig. 5 where we plot both quantities against α (left panel) and σ (right panel). For large values of
α, both h(0) and h0 =
√
1 + ασ2/(2λη2) reach a maximum and turn over. To understand this behavior,
recall that λ is allowed to vary with α according to Eq. (II.2.8) while MH and MS are held fixed, and
therefore h0 ∼
√
α/λ is not monotonically increasing with α. For negative values of α, Fig. 5a reveals that
h(0) asymptotes toward zero whereas h0 vanishes at α = −2λη2/σ2. In this case, the Higgs condensate
is “repelled” by the string core. We show the behavior of h(0) and h0 in the decoupling limit, σ  η, in
Fig. 5b. In this limit, h0 ∼ σ/η grows rapidly, but the value of the condensate at the string core, h(0), rises
much more slowly.
In order to better characterize the string solution, we calculate the “full width at half maximum” of the
scalar profile functions. In terms of the dimensionless radial coordinate, these are given by the solutions of
h(ξh/2) = h(0)/2 and s(ξs/2) = s(0)/2. Figure 6 shows the physical widths
∆ρh = ρ0ξh and ∆ρs = ρ0ξs (III.1.1)
for the (0, 1) and (1, 1) strings as a function of σ. In both cases the width of the S condensate falls off like
∆ρs ' 2/MS = 2
√
2/σ. The Higgs condensate, on the other hand, has a significantly different behavior
in the two cases. For the (1, 1) string the width of the Higgs condensate is insensitive to σ and remains
approximately equal to ∆ρh ' 2/MH ≈ 16 TeV−1. For the (0, 1) string the Higgs condensate is narrower,
and its width decreases with increasing σ, but not as fast as σ−1.
Let us now take Figures 2–6 together, and construct a coherent picture of the (0, 1) dark string. The
behavior is similar to what is seen in the familiar case of bosonic superconductivity [29]. When s = α = 0
the S and Xµ fields form a Nielsen-Olesen string and the Higgs condensate is equal to its vacuum value
everywhere. Roughy speaking, the Higgs field is unaware of the presence of the string since there is no
coupling between them. For α > 0 (α < 0) the Higgs condensate is “attracted” (“repelled”) by the string
and h(0) > 1 (h(0) < 1). In the decoupling limit, σ ∼ MS  η ∼ MH , and with α > 0, the saddle point
moves to h0  1, but the tension becomes gradient dominated and h(0)  h0, contrary to expectations.
The S and X profiles fall off on a length scale 2/MS , which defines the string core. The Higgs condensate,
however, forms a wide halo around the core. For a 10 TeV scale string, the halo is approximately an order
of magnitude wider than the core, but it is still smaller than 2/MH by another order of magnitude.
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FIG. 6: The widths of the scalar field condensates (H dashed; S solid) surrounding the dark string. See
Eq. (III.1.1). The parameters are taken to be MX = MS = σ/
√
2, gX = 1, α = 0.01, and s = 0. In both
cases, ∆ρs ' 2/MS , but ∆ρh ' 2/MH for the (1, 1) string, and it decreases gradually for the (0, 1) string.
III.2. Tension
The tension of the dark string is defined by µ ≡ ∫∞0 ρdρ ∫ 2pi0 dϕT 00 where Tµν is the energy-
momentum tensor. Inserting the dark string ansatz, Eq. (II.3.1), this becomes
µ = 2piσ2
∫ ∞
0
E ξ dξ (III.2.1)
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where
E = EX + EZ + EH + ES + u (III.2.2)
is the dimensionless energy density, which consists of contributions from each of the fields:
EX = 1
(σρ0)2
(x′)2
2ξ2
(III.2.3a)
EZ = 1
(σρ0)2
(z′)2
2ξ2
(III.2.3b)
EH =
(η
σ
)2(
(h′)2 +
h2
ξ2
C2H
)
(III.2.3c)
ES =
(
(s′)2 +
s2
ξ2
C2S
)
(III.2.3d)
u =λ(ρ0σ)
2
(η
σ
)4 (
h2 − 1)2 + κ(ρ0σ)2 (s2 − 1)2 + α(ρ0η)2 (h2 − 1) (s2 − 1) . (III.2.3e)
For the special case  = α = 0 we have CH = n − gHZ z and CS = m − gSX x [see Eq. (II.3.3)]. Thus,
as expected, in the absence of interactions between the SM and dark sector the energy reduces to the sum
of energies of two separate Nielsen–Olesen strings. In particular, for a (0, 1) string with  = α = 0 and
mS = mX , the integral in Eq. (III.2.1) numerically evaluates to 1, and we find the tension to be µ = 2piσ2.
From the individual terms in Eq. (III.2.3), we can see that with our choice ρ0 = σ−1, some terms are
independent of σ and the rest go as (η/σ)2 or (η/σ)4. Thus when σ ∼ η, the tension will not follow a
simple power law, but when σ  η, it will increase as σ2. The terms that scale as inverse powers of σ are
more significant for the (1, 1) string than for the (0, 1) string, so we would expect the (0, 1) string tension
to essentially scale as σ2 even for σ ∼ η.
Figure 7 compares the tension of the (1, 1) and (0, 1) strings along various slices of parameter space.
Each subfigure illustrates that the tension of the (0, 1) string is always smaller than the tension of the (1, 1)
string. The scaling behavior mentioned above is evident in Figures 7a and 7b. Figure 7a shows the tension
as a function of the U(1)X gauge coupling, gX, and it is seen that the tension scales like µ ∝ g−2X . This
scaling is understood by noting that we hold mX = gXσ/
√
2 fixed and vary σ ∝ g−1X . Then the figure
simply shows that µ ∝ σ2. Figure 7b shows the tension as a function of the mass of the X gauge boson,
and since we are now holding gX fixed and varying σ ∝ mX , this figure also shows that µ ∝ σ2. In both
cases, the (0, 1) string tension scales as σ2 for all values of σ, while the (1, 1) string tension departs from
this behavior at the lower values of σ.
Figures 7c and 7d show how the tension depends on the GKM parameter s. From these it can be seen
that the tension decreases monotonically with increasing |s| for the (0, 1) string and almost monotonically
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for the (1, 1) string. This behavior can be understood by noting that the gauge kinetic terms of the original
Lagrangian, Eq. (II.1.1), can be written as
L 3 −1
4
(
1 + s
2
)(
Yµν + Xˆµν
)2 − 1
4
(
1− s
2
)(
Yµν − Xˆµν
)2
. (III.2.4)
In the limit s → ±1 it “costs no energy” to excite the gauge field Yµ ∓ Xˆµ, and the tension of the string
is reduced. Here it is important to note that we hold fixed the parameter mX = gXσ/
√
2, which differs
from the mass eigenvalue MX for nonzero s [see Eq. (II.1.17)]. In 7c, for example, at s = 0 we have
MX = 200 GeV, while at |s| = 0.9 it has increased to MX = 450 GeV.
The dependence of the tension on α is shown in Fig. 7e. For the (1, 1) string, the tension rises nearly
linearly with α, whereas for the (0, 1) string the tension is symmetric in α. This parametric behavior is
understood by noting that at the core of the (1, 1) string the profile functions become s(0) = h(0) = 0,
while at the core of the (0, 1) string they become s(0) = 0 and h(0) = 1 + O(α) [see Eq. (II.3.5)]. The
tension depends on α primarily through the potential energy density, u(h, s), given by Eq. (III.2.3e). The
parametric behavior of the tension is estimated by µ(1,1) ∼ u(0, 0) = λη4+κσ4+αη2σ2 for the (1, 1) string
and by µ(0,1) ∼ u(1 +O(α), 0) = λη4 + κσ4 +O(α2) for the (0, 1) string. In this way, the dependence on
α seen in Fig. 7e is explained.
Finally, let us remark that our string solutions and tension are consistent with the results available in the
literature. The authors of Ref. [18] considered a model similar to ours, in which they include a gauge kinetic
mixing term but no Higgs portal term. They also take the semilocal limit sw = 1. Our model reduces to
theirs upon setting α = 0, sw = 1, and MH = 125 GeV. For a particular parameter range given in Figure
3 of Ref. [18], we calculate the string tension and find agreement to better than O(1%).
III.3. Coupling of the Higgs to the String
The dark string acts as a source for the scalar fields H and S. This source causes the fields to locally
deviate from their vacuum expectation values and to form a long range “cloud” around the string core. As
discussed in Sec. II.2, we can parametrize the fields as H = (η + h¯/
√
2)eiaH and S = (σ + s¯/
√
2)eiaS ,
and the physical scalars, h¯ and s¯, mix with one another with a mixing angle θ, given by Eq. (II.2.4). Only
the lighter Higgs-like mass eigenstate, φH = cos θ h¯ − sin θ s¯, can be radiated efficiently from the dark
string since the S-like eigenstate, φS , has a mass comparable to the string tension. We therefore are only
interested in the effective coupling of φH to the dark string.
The field equations for H and S, given previously by Eq. (II.1.18), may be written as follows after
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FIG. 7: Tension of (0, 1) (solid) and (1, 1) (dashed) strings.
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expanding out the covariant derivatives:
H = i (gHZ ∂µZµ + gHX∂µXµ)H + 2i (gHZZµ + gHXXµ) ∂µH + (gHZZµ + gHXXµ)
2
H
− 2λ
(
|H|2 − η2
)
H − α
(
|S|2 − σ2
)
H (III.3.1)
S = i (gSZ∂µZµ + gSX∂µXµ)S + 2i (gSZZµ + gSXXµ) ∂µS + (gSZZµ + gSXXµ)
2
S
− 2κ
(
|S|2 − σ2
)
S − α
(
|H|2 − η2
)
S . (III.3.2)
In the vicinity of the dark string, the fields acquire position-dependent expectation values, and the inter-
actions on the right hand side of these equations become source terms. In order to illustrate the nature of
this source, we can evaluate the right hand sides of Eqns. (III.3.1) and (III.3.2), denoted as SH and SS
respectively, in the presence of the string background, given by Eq. (II.3.1). Doing so we obtain
SH = S(core)H + S(cloud)H and SS = S(core)S + S(cloud)S (III.3.3)
where
S(core)H ≡ −
η
ρ20
h
ξ2
(gHZ z(∞) + gHXx)2 + αησ2
(
1− s2) h + η
ρ20
h
ξ2
(gHZ )
2z(∞)2(1− s2) (III.3.4)
S(cloud)H ≡ −2λη3
(
h2 − 1) h− η
ρ20
h
ξ2
(gHZ )
2
(
z2 − z(∞)2)− 2 η
ρ20
h
ξ2
(gHZ g
H
X)x (z− z(∞))
− η
ρ20
h
ξ2
(gHZ )
2z(∞)2(1− s2) (III.3.5)
S(core)S ≡ −
σ
ρ20
s
ξ2
(1− gSZz(∞)− gSXx)2 + 2κσ2
(
1− s2) s (III.3.6)
S(cloud)S ≡ −αση2
(
h2 − 1) s− σ
ρ20
s
ξ2
[
(gSZ)
2 (z + z(∞))− 2gSZ(1− gSXx)
]
(z− z(∞)) , (III.3.7)
and where z(∞) is given by Eq. (II.3.7) with (n,m) = (0, 1). We have added and subtracted the term
− η
ρ20
h
ξ2
(gHZ )
2z(∞)2(1 − s2) from S(core)H and S(cloud)H in order to keep these functions finite at the origin.
We show these various contributions to the sources in Fig. 8. The figure confirms that the sources are
characterized by a tight core, which drops off on a scale ξ & few corresponding to ρ & σ, surrounded
by a wide tail or cloud, which is smaller in magnitude and drops off more slowly. In the decoupling
limit, σ  η, the cloud can be much wider than the core. This motivates our prescription for calculating the
effective couplings, which we employ in this section and the following one. We will consider fluctuations of
the light fields (φH ≈ H and Zµ) about their vacuum expectation values in the presence of the background
expectation values of the heavy fields (φS ≈ S and Xµ), which are determined by the long straight string
solution. Then, we can treat the heavy fields which compose the core as providing the source for the light
fields which compose the cloud.
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are given by Eq. (III.3.3), and we have defined S(core) = S(core)H + S(core)S and
S(cloud) = S(cloud)H + S(cloud)S . We have held fixed MS = MX = 1 TeV, α = 0.1,  = 0.1 and gX = 1.
To implement the above strategy, we will write
S =
(
σ s(ξ)− sin θφH√
2
+ cos θ
φS√
2
)
eiϕ , Xµ =
x(ξ)
ρ
V µ ,
H = η + cos θ
φH√
2
+ sin θ
φS√
2
, and Zµ =
z(∞)
ρ
V µ . (III.3.8)
By taking the appropriate linear combination of Eqns. (III.3.1) and (III.3.2), we find the field equation for
φH to be
(
+M2H + δM2H
)
φH + δµ
2φS = S +O(φ2H , φHφS) (III.3.9)
where the mass M2H was given by Eq. (II.2.5), the mass shift is defined by
δM2H(ξ) ≡
cos2 θ
ρ20ξ
2
(gHZ z(∞) + gHXx)2 +
sin2 θ
ρ20ξ
2
(
1− gSZz(∞)− gSXx
)2 − 2λη2 sin2 2θ
cos 2θ
− 2κσ2 (1− 3s2 − 2 sec 2θ) sin2 θ − ασ ((1− s2)σ cos θ + 4η s sin θ) cos θ , (III.3.10)
the residual mixing is defined by
δµ2(ξ) ≡ sin 2θ
2ρ20ξ
2
[
(gHZ z(∞) + gHXx)2 −
(
1− gSZz(∞)− gSXx
)2]
+ 2λη2 sin 2θ + κσ2
(
1− 3s2) sin 2θ + α
2
σ
(
4ηs cos 2θ − σ(1− s2) sin 2θ) , (III.3.11)
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and the source term is defined by
S(ξ) ≡
√
2 cos θ
[
− η
ρ20
1
ξ2
(gHZ z(∞) + gHXx)2 + αησ2
(
1− s2)+ η
ρ20
1
ξ2
(gHZ )
2z(∞)2(1− s2)
]
−
√
2 sin θ
[ σ
ρ20
s′′ − σ
ρ20
s
ξ2
(
1− gSZz(∞)− gSXx
)2
+ 2κσ3
(
1− s2) s] . (III.3.12)
We have dropped terms in Eq. (III.3.9) which are higher order in φH and φS , because these represent
interactions among the quanta of the scalar fields, and they are not relevant for the particle production
calculation. Near the string core, the spectrum is shifted as compared with far from the string. This leads
to a residual mixing, δµ2(ξ), and a position-dependent mass eigenvalue, M2H + δM
2
H(ξ). Since these shifts
vanish rapidly outside of the string, and we are interested in the dynamics of the long range fields, we can
neglect these terms and take δµ2 = 0 = δM2H .
We would like to reduce the source term, S , down to a single effective coupling parameter gHstr. This is
accomplished by noting that long wavelength modes of the Higgs field cannot resolve the internal structure
of the string, i.e., the core, and for the purposes of studying these modes it is a good approximation to treat
the source term as a Dirac delta function:
S ≈ gHstr ησ2 δ(σx)δ(σy) . (III.3.13)
The effective, dimensionless coupling constant, gHstr ≡ η−1
∫
dxdy S, is given by
gHstr = 2pi
√
2
∫ ∞
0
ξdξ
(
− cos θ
[ 1
ξ2
(gHZ z(∞) + gHXx)2 − α(ρ0σ)2
(
1− s2)− 1
ξ2
(gHZ )
2z(∞)2(1− s2)
]
+
σ
η
sin θ
[
−s′′ + s
ξ2
(
1− gSZz(∞)− gSXx
)2 − 2κ(ρ0σ)2 (1− s2) s]) .
(III.3.14)
This expression simplifies in the decoupling limit where we can write
s(ξ) ≈

ξ
ξmax
ξ ≤ ξmax
1 ξ > ξmax
and x(ξ) ≈

x(∞)
(
ξ
ξmax
)2
ξ ≤ ξmax
x(∞) ξ > ξmax
. (III.3.15)
Using Eq. (III.1.1), the parameter ξmax is related to the profile widths as ξmax ≈ (∆ρs)σ. This can be
determined by solving for the full profile functions, but we will take ξmax = O(1) for numerical estimates.
Then after expanding in the ratio (η2/σ2) 1 we find
(gHstr)
(dec.) '
(
e2pi√
2 c2wg
2
X
)
s2 +
pi
15
√
2
(
64
κ
− 17ξ2max
)
α+O
(
η2
σ2
)
. (III.3.16)
Although alternative definitions of the coupling can be proposed, they will differ from our definition in
terms that are suppressed by factors of O(η/σ) and can be ignored in the decoupling limit.
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FIG. 9: Effective coupling of the (0, 1) string with the Higgs field, given by Eq. (III.3.14).
Once the string solution is obtained, it is straightforward to perform the integral in Eq. (III.3.14) and
evaluate gHstr. Figures 9a and 9b show the dependence of g
H
str on the Higgs portal coupling, and they suggest
the approximate relationship gHstr ∝ α. This behavior is understood by noting that gHstr depends explicitly on
α through one term in Eq. (III.3.14) and implicitly through the profile functions. The explicit dependence
dominates at small α and gives gHstr ∼ α
∫
ξdξ(1 − s2), and at larger α the subdominant dependence in s
and h emerges. Figure 9c shows that gHstr has a weak dependence on the gauge kinetic mixing parameter
gHstr ∼ const.−O(s2 ). This follows from the relations gHX ∼ gSZ ∼ z∞ ∼ O(s) and gHZ ∼ gSX ∼ x∞ ∼ O(1)
and sin θ ∼ O(α) [see Appendix A and Eq. (II.2.4)]. Finally, Fig. 10 shows the dependence of gHstr on the
scale σ. In the decoupling limit, σ  η, we see that gHstr becomes asymptotically independent of σ, which
confirms that dimensionally S ∼ ησ2, as given by Eq. (III.3.13). The appearance of the Higgs VEV, η, is
an important result. It reflects the fact that the linear coupling of the Higgs to the string only emerges after
electroweak symmetry breaking. Prior to electroweak symmetry breaking, the coupling of the Higgs bosons
to the string is higher order in powers of the Higgs field, i.e., the string can only radiate Higgs/anti-Higgs
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FIG. 10: Effective couplings of (0, 1) string to Z and H fields as the scale σ becomes large. We have held
fixed MS = MX = σ/
√
2, α = 0.01, s = 0.1, and gX = 1. For comparison, the decoupling limit
approximations, given by Eqs. (III.3.16) and (III.4.13), give (gHstr)
(dec.) ≈ 0.70 and (gZstr)(dec.) ≈ −0.17
for ξmax = 1.5 and 2.7, respectively.
pairs. This result is not totally obvious since it is possible for the string to carry a Higgs condensate, and
thereby break the electroweak symmetry locally, even if the Higgs VEV vanishes outside the string, as in
the case of bosonic superconductivity [29].
Thus far we have considered the coupling between the Higgs and the straight static string. Now we
generalize to the case of an arbitrary Nambu-Goto string with spacetime coordinate Xµ(τ, ζ) where τ and
ζ are the world coordinates. The source term in Eq. (III.3.9) derives from the Lagrangian L = φHS. Upon
approximating the source as a delta function, as in Eq. (III.3.13), the action becomes
SHstr =
∫
d4xφH S
= gHstr η
∫
d4x φH(x)
∫
dτdζ
√−γ δ(4)(x− Xµ(τ, ζ))
= gHstr η
∫
dτdζ
√−γ φH(Xµ) (III.3.17)
where the worldsheet metric is defined by γab = gµν∂aXµ∂bXν (a, b = 0, 1) and γ = det(γab) =
(1/2)acbdγabγcd.
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III.4. Coupling of the Z Boson to the String
As in the case of the Higgs field, the string provides a source for the Z field. Recall that the Z boson
field equation, Eq. (II.1.18), was given by
∂νZ
νµ =gHZ
[
i (H∂µH∗ −H∗∂µH)− 2 (gHZZµ + gHXXµ) |H|2
]
+ gSZ
[
i (S∂µS∗ − S∗∂µS)− 2 (gSZZµ + gSXXµ) |S|2
]
(III.4.1)
where we have explicitly written out the currents using Eq. (II.1.19). As we discussed in Sec. III.3, the
decoupling approximation, σ  η, allows us to replace the heavy fields with the string background and to
expand the light fields about their vacuum expectation values:
S → (σ s(ξ) + S¯) eiϕ , Xµ → x(ξ)
ρ
V µ ,
H = η + H¯ , and Zµ =
z(∞)
ρ
V µ + Z¯µ , (III.4.2)
where z(∞) is given by Eq. (II.3.7) with (n,m) = (0, 1). Since we are now interested in radiation of the
Z field, and we are not concerned with its coupling to the scalar fields, we can take S¯ = H¯ = 0. Inserting
Eq. (III.4.2) into Eq. (III.4.1) yields the field equation for the fluctuation Z¯µ,
∂νZ¯
νµ +M2ZZ¯
µ + δM2ZZ¯
µ = J µ , (III.4.3)
where Z¯µν ≡ ∂µZ¯ν − ∂νZ¯µ, the mass MZ is given by Eq. (II.1.17), the position-dependent mass shift is
defined as
δM2Z(ξ) ≡ −2(gSZ)2σ2
(
1− s2) , (III.4.4)
and the source current is given by
J µ = η
2
ρ0
j(ξ)V µ(ϕ) (III.4.5)
where
j(ξ) ≡ 2gHZ
1
ξ
(
−gHZ z(∞)− gHXx
)
+ 2gSZ
σ2
η2
s2
ξ
(
1− gSZz(∞)− gSXx
)
(III.4.6)
for the (0, 1) string. Despite the factor of (σ2/η2) in the second term above, both terms in j(ξ) scale like
(σ/η)0 because gSZ ∼ η2/σ2 [see Eq. (A.6)].
Using the complete set of orthonormal basis vectors
Tµ = ∂µt , Rµ = ∂µρ , Vµ = ρ ∂µϕ , and Lµ = ∂µz (III.4.7)
27
the current can also be written as
J µ = η2 µαβγ∂α
(
k(ξ)TβLγ
)
(III.4.8)
where
k(ξ) ≡
∫ ξ
∞
dξ′ j(ξ′) . (III.4.9)
Note that j(ξ) is approximately equal to the right hand side of the string equation, Eq. (II.3.4a), and if we
were to replace h → 1 and z → z(∞), then they would be identical. As such, k(ξ) is approximately given
by
k(ξ) ≈ − 1
(ρ0η)2
(
z′
ξ
− lim
ξ→∞
z′
ξ
)
= − 1
η2
BZ(ξ) (III.4.10)
where BZ(ξ) ≡ z′/(ρ20ξ) is the magnitude of the Z-magnetic field, (BZ)i = (−1/2)ijkZjk = ijk∂jAk.
The profile functions s and x both reach their asymptotic values exponentially fast on a scale ξ = O(1)
corresponding to ρ = O(ρ0 = σ−1). In the decoupling limit, MZ  σ, long wavelength modes of the Z
field cannot resolve the string core, and we can use delta function approximations. The mass shift, given
by Eq. (III.4.4), becomes negligible outside of the narrow string core. Therefore it is not relevant for the
particle radiation calculation, and we will neglect it by taking δM2Z = 0. The profile function k(ξ) can also
be approximated as a delta function
k(ξ) ≈ gZstr σ−2 δ(x)δ(y) (III.4.11)
where the effective coupling, gZstr ≡ 2pi
∫∞
0 ξdξ k(ξ), is given by
gZstr = 2pi
∫ ∞
0
ξdξ
∫ ξ
∞
dξ′
[
2gHZ
1
ξ′
(
−gHZ z(∞)− gHXx
)
+ 2gSZ
σ2
η2
s2
ξ′
(
1− gSZz(∞)− gSXx
)]
(III.4.12)
after inserting Eq. (III.4.6) into Eq. (III.4.9). Note that the approximation, Eq. (III.4.10), would give the ef-
fective coupling to be gZstr ≈ ΦZ/(ρ0η)2 where ΦZ ≡
∫
dxdy BZ is the Z-magnetic flux. In the decoupling
limit [see Eq. (III.3.15)] we find
(gZstr)
(dec.) ' −
(
11e2pi
36c2wswgX
ξ2max
)
s +O
(
η2
σ2
)
(III.4.13)
where ξmax = O(1).
From Fig. 10 we see that gZstr asymptotes to a constant in the decoupling limit that is given approxi-
mately by Eq. (III.4.13). Figures 11a and 11b show that gZstr depends weakly on the Higgs portal coupling,
with the approximate relationship gZstr ∝ −α2. Since α does not appear explicitly in Eq. (III.4.12), the
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FIG. 11: Effective coupling of the (0, 1) string with the Z boson, given by Eq. (III.4.12).
dependence is only through the profile functions. Figure 11c shows that gZstr depends linearly on the gauge
kinetic mixing parameter gZstr ∼ O(s) for small values of s, which can be understood from the dependence
on gSZ in Eq. (III.4.12) and by noting that g
S
Z is linear in s. As |s| increases, the terms that are higher order
in s begin to have an effect.
Thus far we have been assuming that the string is long and straight. To generalize to an arbitrary
Nambu-Goto string, we can write the source term, Eq. (III.4.8), as
J µ = gZstr(η/σ)2∂ν
∫
dσµν δ(4)(x− X(τ, ζ)) (III.4.14)
where dσµν = dτdζµναβab∂aXα∂bXβ is the areal element of the string worldsheet. A source of this form
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was first given in Ref. [30]. This source can be derived from a term in the effective action
SZstr =
∫
d4xZµJ µ
=
gZstr
2
(η
σ
)2 ∫
d4x Zµν
∫
dσµνδ(4)(x− X(τ, ζ))
=
gZstr
2
(η
σ
)2 ∫
dσµνZµν(Xµ) (III.4.15)
where total derivative terms have been dropped. We have factored off the (η/σ)2 scaling such that gZstr is
constant in the limit η  σ.
III.5. Coupling to the Fermions
Finally, let us turn to the coupling between the dark string and the SM fermions. Like the coupling to
the bosons, this interaction can give particle radiation from the string [31]. Additionally, as the string passes
through the plasma, this interaction induces a drag force that has an important influence on the evolution of
the string network as a whole [32].
The interaction that we seek to calculate arises from the kinetic terms for the SM fermions,
L = Q†iσ¯µDµQ+ u†RiσµDµuR + d†RiσµDµdR + L†iσ¯µDµL+ e†RiσµDµeR (III.5.1)
where we use the two component spinor notation and the doublets are Q = (uL , dL) and L = (νL , eL).
The covariant derivatives are given by
DµQ =
(
∂µ − ig2σaW aµ − ig
′
2 yQYµ
)
Q
DµuR =
(
∂µ − ig′2 yuRYµ
)
uR
DµdR =
(
∂µ − ig′2 ydRYµ
)
dR
DµL =
(
∂µ − ig2σaW aµ − ig
′
2 yLYµ
)
L
DµeR =
(
∂µ − ig′2 yeRYµ
)
eR
(III.5.2)
where we have turned off the SU(3) gauge coupling, since it does not modify the coupling to the dark string,
and the hypercharge assignments are
yQ =
1
3
, yuR =
4
3
, ydR = −
2
3
, yL = −1 , and yeR = −2 . (III.5.3)
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After performing the field redefinition given by Eq. (II.1.9), the covariant derivatives become
DµQ =
DµuL − i g√2W+µ dL
DµdL − i g√2W−µ uL
 with DµuL = (∂µ − i(guLA Aµ + guLZ Zµ + guLX Xµ))uL
DµdL =
(
∂µ − i(gdLA Aµ + gdLZ Zµ + gdLX Xµ)
)
dL
DµuR =
(
∂µ − i(guRA Aµ + guRZ Zµ + guRX Xµ)
)
uL
DµdR =
(
∂µ − i(gdRA Aµ + gdRZ Zµ + gdRX Xµ)
)
uL
DµL =
DµνL − i g√2W+µ eL
DµeL − i g√2W−µ νL
 with DµνL = (∂µ − i(gνLA Aµ + gνLZ Zµ + gνLX Xµ))νL
DµeL =
(
∂µ − i(geLA Aµ + geLZ Zµ + geLX Xµ)
)
eL
DµeR =
(
∂µ − i(geRA Aµ + geRZ Zµ + geRX Xµ)
)
eR
(III.5.4)
where
guLA =
2e
3 g
uL
Z = cζ
e
6
(
3
tw
− tw
)
− sζ e6 tcos θw g
uL
X = −cζ e6 tcos θw − sζ e6
(
3
tw
− tw
)
guRA =
2e
3 g
uR
Z = −cζ 2e3 tw − sζ 2e3 tcos θw g
uR
X = −cζ 2e3 tcos θw + sζ 2e3 tw
gdLA = − e3 gdLZ = −cζ e6( 3tw + tw)− sζ e6 tcos θw g
dL
X = −cζ e6 tcos θw + sζ e6( 3tw + tw)
gdRA = − e3 gdRZ = cζ e3 tw + sζ e3 tcos θw g
dR
X = cζ
e
3
t
cos θw
− sζ e3 tw
geLA = −e geLZ = −cζ e2
(
1
tw
− tw
)
+ sζ
e
2
t
cos θw
geLX = cζ
e
2
t
cos θw
+ sζ
e
2
(
1
tw
− tw
)
geRA = −e geRZ = cζ e tw + sζe tcos θw g
eR
X = cζe
t
cos θw
− sζ etw
gνLA = 0 g
νL
Z = cζ
e
2
(
1
tw
+ tw
)
+ sζ
e
2
t
cos θw
gνLX = cζ
e
2
t
cos θw
− sζ e2
(
1
tw
+ tw
)
.
(III.5.5)
We have included the couplings to the photon field Aµ for completeness, but since the dark string does not
contain any electromagnetic flux, these interactions are not relevant for couplings of the string to the SM
fermions.
The dominant interaction between fermions and the dark string is the Aharonov-Bohm (AB) interaction
[30, 33]. In general when a particle of charge e and momentum p (in the rest frame of the string) is incident
on a string carrying magnetic flux Φ, it will scatter with a differential cross section per unit length dσ/dθ.
It is useful to define the transport cross section, σt ≡
∫ 2pi
0 dθ (dσ/dθ)(1− cos θ), which is given by
σt =
2
|p| sin
2 piθ (III.5.6)
where θ ≡ (e/2pi)Φ. In general these need not be electromagnetic charge and flux, and in fact the dark
string carries no electromagnetic flux. Instead, the particles scatter off of the Z-flux and X-flux carried by
the string.
The fluxes are defined by
ΦZ ≡
∫
BZ · dA and ΦX ≡
∫
BX · dA (III.5.7)
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where the integral extends over the plane normal to the string and the magnetic fields are given by BZ =
∇ × Z where Zi = Zi and similarly for Xµ. Using Stokes theorem along with the boundary conditions
Eq. (II.3.7), the fluxes are easily found to be
ΦZ = 2pi
gSXn− gHXm
gSXg
H
Z − gHXgSZ
(III.5.8)
ΦX = 2pi
gHZm− gSZn
gSXg
H
Z − gHXgSZ
(III.5.9)
Note that ΦZ is nonzero even for the (0, 1) string for which the Higgs field does not wind, but instead
ΦZ ∝ s due to the gauge kinetic mixing.
As a particle moves around the string, its phase changes due to both fluxes. Therefore to calculate the
transport cross section for a particle of species i we sum the phases:
σt
∣∣∣
i
=
2
|p| sin
2 piθi (III.5.10)
where
θi ≡ g
i
ZΦZ
2pi
+
giXΦX
2pi
(III.5.11)
and the giZ and g
i
X are given by Eq. (III.5.5). Upon performing the sum in Eq. (III.5.11) a remarkable
simplification occurs, and we are left with
θi = (yi − 2c2wgiA)n+
(
−2cwes
gX
giA
)
m (III.5.12)
where yi and giA are the hypercharge and electromagnetic charges of species i given by Eqns. (III.5.3) and (III.5.5).
Specifically, for the case (n,m) = (0, 1) we find
θi = qiΘ with Θ ≡ −2cws
gX
(III.5.13)
and qi = e giA is the electromagnetic charge. Note that we have not expanded in s  1; these expressions
are exact. It is remarkable that the phases θi are independent of the ratio of mass scales R = mX/mZ , even
though giZΦZ and g
i
XΦX separately depend upon R. This has the important and interesting implication that
the scattering of particles from the string is unchanged in the decoupling limit R 1.
As an example, let us consider the scattering of a few elementary particles from the (0, 1) dark string.
Upon setting n = 0 and m = 1 in Eq. (III.5.13) we see that the left- and right-chiral components have
identical AB phases, e.g., θuL = θuR ≡ θu. We calculate the transport cross section for the electron, proton,
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neutron, hydrogen atom, and neutrino as
σt
∣∣∣
e
=
2
|p| sin
2 piθe ≈ 1|p|
8pi2c2we
2
g2X
s2 +O(s
4
 ) (III.5.14)
σt
∣∣∣
p
=
2
|p| sin
2 pi(2θu + θd) ≈ 1|p|
8pi2c2we
2
g2X
s2 +O(s
4
 ) (III.5.15)
σt
∣∣∣
n
=
2
|p| sin
2 pi(θu + 2θd) = 0 (III.5.16)
σt
∣∣∣
H
=
2
|p| sin
2 pi(2θu + θd + θe) = 0 (III.5.17)
σt
∣∣∣
ν
=
2
|p| sin
2 piθνL = 0 , (III.5.18)
respectively. In the second equalities of Eqns. (III.5.14) and (III.5.15) we have expanded for s  1. In
performing this expansion, both terms in Eq. (III.5.11) are of the same order because ΦZ ∼ geLX ∼ geRX =
O(s1 ) and ΦX ∼ geLZ ∼ geRZ = O(s0 ). After recombination, when the SM particle content of the universe
consists mainly of neutral hydrogen and neutrinos, the AB interactions vanish. Then, scattering arises
from the typically subdominant hard-core interaction between the fermions and the Higgs and Z boson
condensates on the string. If additionally α→ 0, then even this interaction vanishes and the string does not
feel the SM fermions at all.
If the original model had contained fermion fields charged under the U(1)X , for example a dark matter
candidate, then the interactions of these particles with the string would not vanish even as s, α → 0. For
example, let Ψ be a Dirac spinor field with gauge interactions specified by the covariant derivative
DµΨ =
(
∂µ − igX qX
2
Xˆµ
)
Ψ =
(
∂µ − i(gΨA Aµ + gΨZ Zµ + gΨX Xµ)
)
Ψ (III.5.19)
where
gΨA = 0 , g
Ψ
Z =
gXqX
2c
sζ , and g
Ψ
X =
gXqX
2c
cζ . (III.5.20)
Its AB phase is simply θΨ = mqX and the AB interaction is found to be
σt
∣∣∣
Ψ
=
2
|p| sin
2 piqX . (III.5.21)
If qX is an integer, then the transport cross-section vanishes and there is no AB interaction between the dark
string and Ψ.
IV. CONCLUSION
We have studied the properties and couplings of the dark string including, for the first time, the full
electroweak gauge sector, the gauge kinetic mixing, and Higgs portal interaction.
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FIG. 12: Structure of the dark string.
The dark string solution field profiles are discussed in Sec. III.1. The ansatz of the dark string can in-
clude a non-topological winding of the electroweak Higgs, labeled by an integer n, in addition to the topo-
logical winding of the new scalar field, S, given by an integer m. We have evaluated (n,m) = (0, 1), (1, 1)
classes of solutions. Since the (0,1) string is lighter, and there is no topology protecting the (1,1) solution,
we expect that the (1,1) solution will be unstable to decay into the (0,1) solution. Hence, we mainly focus
on the (0,1) string which we have also referred to as the “dark string”.
In Sec. III.2 we have evaluated the tension of the dark string and the results can be summarized in the
formula
µ ≈ 2piκ
1/4
g
1/2
X
σ2
[
1 +
η2
σ2
O(α2, s2 )
]
(IV.1)
where the approximate dependencies are derived from the plots in Fig. 7 for small values of the hidden
sector scalar self-coupling, κ, the gauge kinetic mixing parameter, s, the Higgs portal coupling α, and the
dark gauge coupling, gX . In the decoupling limit when the electroweak VEV is much less than the hidden
sector VEV, η  σ, the expression reduces to that of a Nielsen-Olesen string.
A novel feature of the dark string is that it also carries a condensate of the electroweak Higgs and Z
fields. The structure of the string is a core of size ∼ M−1X that contains flux of the dark gauge field X and
in which the new scalar S departs from its VEV. This is just as in the case of the Nielsen-Olesen string.
Around the Nielsen-Olesen core we also have a “cloud” or “dressing” of Higgs and Z fields that extend out
to a radius ∼M−1H as illustrated in Fig. 12.
The presence of the electroweak cloud can be of phenomenological importance because it connects a
topological defect in the dark sector to the matter content of the visible sector. In particular, an oscillating
loop of dark string may be expected to copiously radiate Higgs bosons [34] and Z gauge bosons (similar
34
to Goldstone boson radiation discussed in [35]). With these effects in mind, we have proposed effective
interactions of the dark string with the Higgs excitations, φH , and Z bosons that take the form
Sint = g
H
str η
∫
d2σ
√−γ φH(Xµ) + g
Z
str
2
(η
σ
)2 ∫
dσµνZµν(Xµ) (IV.2)
given by Eqs. (III.3.17) and (III.4.15). The first term carries a factor of η because the emission of a single
Higgs boson can only occur after electroweak symmetry breaking. The factor of (η/σ)2 in the second term
reflects the suppressed interaction of the Z boson with the hidden sector fields in the decoupling limit where
the gauge sector mixing is small. The coupling constants in these interactions are shown in Figs. 9, 10, and
11. In the decoupling limit they can be approximated as in Eqs. (III.3.16) and (III.4.13) by
(gHstr)
(dec.) '
(
e2pi√
2 c2wg
2
X
)
s2 +
pi
15
√
2
(
64
κ
− 17ξ2max
)
α
(gZstr)
(dec.) ' −
(
11e2pi
36c2wswgX
ξ2max
)
s . (IV.3)
up to terms of order η2/σ2. The parameter ξmax = O(1) is the rescaled width of the profile functions.
The gauge kinetic mixing term in the model also leads to an Aharonov-Bohm interaction between
fermions and the dark string [34]. These interactions are important since, in a cosmological setting, the
strings are surrounded by a plasma of fermions that can scatter and affect the evolution of the string network.
In addition, the Aharonov-Bohm interaction will allow for dark string loops to radiate standard model
fermions [31]. We give the Aharonov-Bohm phases for the fermions in Eq. (III.5.13), where we should set
n = 0 for the (0,1) string. The result is simply that the Aharonov-Bohm phase of a fermion with electric
charge q is
θq = −2cws
gX
q. (IV.4)
Following Ref. [30], we have also calculated the transport cross sections for fermions scattering off dark
strings in Sec. III.5.
Having mapped out the properties of the dark string, we plan to explore their cosmological conse-
quences and phenomenological connections in future work.
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Appendix A: Limit of Small Gauge Kinetic Mixing
In this appendix we consider the limit that the GKM coupling is small, s  1, for various quantities
in the text: The mixing angle [Eq. (II.1.11)]
tan 2ζ ≈ − 2sw
R2 − 1s +
sw
R2 − 1
(
1 +
2(1 + s2w)
R2 − 1
)
s3 +O(s
5
 ) (A.1)
tζ ≈ − sw
R2 − 1s +
sw
2(R2 − 1)
(
1 +
2(1 + s2w)
R2 − 1 +
2s2w
(R2 − 1)2
)
s3 +O(s
5
 ) (A.2)
sζ ≈ − sw
R2 − 1s +
sw
2(R2 − 1)
(
1 +
2(1 + s2w)
R2 − 1 +
3s2w
(R2 − 1)2
)
s3 +O(s
5
 ) (A.3)
cζ ≈ 1− s
2
w
2(R2 − 1)2 s
2
 +
s2w
2(R2 − 1)2
(
1 +
2(1 + s2w)
R2 − 1 +
11s2w
4(R2 − 1)2
)
s4 +O(s
6
 ) , (A.4)
the gauge boson mixing matrix [Eq. (II.1.10)]
M ≈

cw −sw − sw(1+c
2
w−2R2)
2(R2−1)2 s
2
 −R
2−c2w
R2−1 s
sw cw − s
2
wcw
2(R2−1)2 s
2

swcw
R2−1s
0 − sw
R2−1s 1 +
c2w−2R2+R4
2(R2−1)2 s
2

+O(s3 ) , (A.5)
the gauge couplings of the scalars [Eq. (II.1.15)]
gΦ
+
A = e g
Φ+
Z ≈ e2
(
1
tw
+ tw
)
+ e2
tw
R2−1
(
1 + c
2
w−s2w
2(R2−1)
)
s2 g
Φ+
X ≈ − e2 1cw
(
1− c2w−s2w
R2−1
)
s
gHA = 0 g
H
Z ≈ − e2 1cwsw + e2 twR2−1
(
1 + 1
2(R2−1)
)
s2 g
H
X ≈ − e2 1cw
(
1 + 1
R2−1
)
s
gSA = 0 g
S
Z ≈ −gX2 swR2−1s gSX ≈ gX2 + gX4
(
1− s2w
(R2−1)2
)
s2
(A.6)
up to order O(s3 ) corrections, the gauge boson mass eigenvalues [Eq. (II.1.17)]
M2Z ≈ m2Z
(
1− s2w
R2−1s
2
 +O(s
4
 )
)
M2X ≈ m2X
(
1 + R
2−c2w
R2−1 s
2
 +O(s
4
 )
) , (A.7)
the string profile boundary conditions [Eq. (II.3.7)],
z(∞) ≈ −
√
2η
mZ
n−
√
2swR2σ
mX(R2−1)ms +
s2wη√
2mZ(R2−1)2n s
2
 +O(s
3
 )
x(∞) ≈
√
2σ
mX
m−
√
2swη
mZ(R2−1)n s +
(−c2w+2c2wR2−R4)σ√
2mX(R2−1)2 ms
2
 +O(s
3
 ) ,
(A.8)
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the gauge couplings of the fermions [Eq. (III.5.5)]
guLA =
2e
3 , g
uL
Z ≈ e6
(
3
tw
− tw
)
+ e6
sw
R2−1
[
1
cw
− sw
2(R2−1)
(
3
tw
− tw
)]
s2 , g
uL
X ≈ − e6
[
1
cw
− sw
R2−1
(
3
tw
− tw
)]
s ,
guRA =
2e
3 , g
uR
Z ≈ −2e3 tw + 2e3 twR2−1
[
1 + s
2
w
2(R2−1)
]
s2 , g
uR
X ≈ −2e3
(
1
cw
+ s
2
w
R2−1
)
s ,
gdLA = − e3 , gdLZ ≈ − e6
(
3
tw
+ tw
)
+ e6
sw
R2−1
[
1
cw
+ sw
2(R2−1)
(
3
tw
+ tw
)]
s2 , g
dL
X ≈ − e6
[
1
cw
+ sw
R2−1
(
3
tw
+ tw
)]
s ,
gdRA = − e3 , gdRZ ≈ e3 tw − e3 twR2−1
[
1 + s
2
w
2(R2−1)
]
s2 , g
dR
X ≈ e3
(
1
cw
+ s
2
w
R2−1
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geLA = −e , geLZ ≈ − e2
(
1
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− tw
)
− e2 swR2−1
[
1
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− sw
2(R2−1)
(
1
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− tw
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[
1
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(
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eR
X ≈ e
(
1
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gνLA = 0 , g
νL
Z ≈ e2
(
1
tw
+ tw
)
− e2 swR2−1
[
1
cw
+ sw
2(R2−1)
(
1
tw
+ tw
)]
s2 , g
νL
X ≈ e2
[
1
cw
+ sw
R2−1
(
1
tw
+ tw
)]
s
(A.9)
up to order O(s3 ) corrections, and the magnetic flux [Eqs. (III.5.8) and (III.5.9)]
ΦZ ≈ −2pi
√
2η
mZ
n− 2pi
√
2swR
2σ
mX(R2 − 1)ms +O(s
2
 ) (A.10)
ΦX ≈ 2pi
√
2σ
mX
m− 2pi
√
2swη
mZ(R2 − 1)n s +O(s
2
 ) . (A.11)
Appendix B: Numerical Solution of Field Equations
The dark string is the solution of the system of equations given by II.3.4 along with the boundary con-
ditions in Eqs. (II.3.5) and (II.3.7). We solve these equations numerically using the Fortran solver Colnew,
which implements collocation to solve boundary value problems (BVPs) involving systems of ordinary
differential equations (ODEs) [36]. In order to obtain convergence, nonlinear BVPs frequently require a
very good initial guess as input to an iterative method of solution, and this is the case with our problem.
We obtain this using the method of continuation [37]. In the absence of the HP and GKM operators, the
dark and standard model sectors decouple. In the (1, 1) case this reduces to two independent Nielsen–Olesen
strings, and in the (0, 1) case this reduces to a Nielsen–Olesen string along with a vacuum solution. In either
case, their solution is straightforward. We then use continuation, which relies on the following observation:
given two sets of model parameters whose values are very close, we expect the corresponding solutions of
Eq. (II.3.4) to be nearly identical. Thus, we begin with the solution to the decoupled problem and then solve
the system of equations with the HP or GKM small but nonzero. This is the beginning of a series of prob-
lems, each using the previous solution as Colnew’s initial guess and returning a solution for incrementally
larger HP and GKM. The final step in this procedure solves Eq. (II.3.4) for the desired choice of parameters.
37
We impose the ξ =∞ boundary conditions at some ξ∞ and solve numerically on [0, ξ∞]. When σ and
η are comparable, ξ∞ of 200 to 400 is typically sufficient to ensure that the profiles and relevant integrals
(tension and couplings) are insensitive to the value of ξ∞. In the (1, 1) case and for σ  η we begin with
two Nielsen–Olesen strings varying on significantly different scales (as in Fig. 4, for example), and we use
ξ∞ of order 1000.
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